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Abstract
Let L(X) be the free locally convex space over a Tychonoff space X. If X is Dieudonne´ complete
(for example, metrizable), then L(X) is a reflexive group if and only if X is discrete. Answering
a question posed in [9] we prove also that L(X) is an Ascoli space if and only if X is a countable
discrete space.
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1. Introduction
Let G be an abelian topological group. A character χ of G is a continuous homomorphism from
G into the unit circle group S := {z ∈ C : |z| = 1}. The dual group Ĝ of G is the group of all
characters of G. We denote by G∧ the group Ĝ endowed with the compact-open topology. The
map αG : G→ G
∧∧, g 7→ (χ 7→ χ(g)), is called the canonical homomorphism. If αG is a topological
isomorphism the group G is called reflexive.
The celebrated Pontryagin–van Kampen Duality Theorem states that every locally compact
abelian group is reflexive. It is well known that the class of reflexive groups is closed under taking
arbitrary products ([13]). Banach spaces and reflexive locally convex spaces considered as abelian
topological groups are reflexive groups ([19]). In particular, the classical Banach space ℓ1 is a
reflexive group which is not a reflexive space.
For a Tychonoff space X, we denote by Cp(X) and Ck(X) the space C(X) of all continuous
functions on X endowed with the pointwise topology τp and the compact-open topology τk, re-
spectively. Note that Ck(X) is a reflexive locally convex space if and only if X is discrete, see
[12, Theorem 11.7.7]. Herna´ndez and Uspenski˘ı proved in [11] that Ck(X) is a reflexive group for
every Ascoli µ-space X. Recall that X is a µ-space if every functionally bounded subset of X
has compact closure, and, following [11] (see also Remark 2.1 below), X is called an Ascoli space
if every compact subset K of Ck(X) is equicontinuous. It is also shown in [11] that if Cp(X) is a
reflexive group, then X is a P -space; moreover, the question of whether Cp(X) is a reflexive group
is undecidable in ZFC even for simple spaces.
Recall that a Tychonoff space X is Dieudonne´ complete if the universal uniformity UX on X is
complete. For numerous characterizations of Dieudonne´ complete spaces see Section 8.5.13 of [3].
The definitions of Fre´chet–Urysohn, sequential, paracompact and k-spaces also can be found in [3].
Relations between the aforementioned topological notions are given in the following diagram
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metric +3

paracompact +3 Dieudonne´complete
+3 µ-space
Fre´chet–
Urysohn
+3 sequential +3 k-space +3 Ascoli
,
and none of these implications is reversible.
One of the most important classes of locally convex spaces is the class of free locally convex
spaces. Following [14], the free locally convex space L(X) on a Tychonoff space X is a pair consisting
of a locally convex space L(X) and a continuous map i : X → L(X) such that every continuous map
f fromX to a locally convex space E gives rise to a unique continuous linear operator f¯ : L(X)→ E
with f = f¯ ◦ i. The free locally convex space L(X) always exists and is essentially unique. For
every Tychonoff space X, the set X forms a Hamel basis for L(X) and the map i is a topological
embedding, see [18, 20], so we shall identify x ∈ X with its image i(x) ∈ L(X). Note that a
Tychonoff space X is Ascoli if and only if the canonical map L(X)→ Ck
(
Ck(X)
)
is an embedding
of locally convex spaces, see [5].
It is well known that a reflexive locally convex space E must be barrelled. Since L(X) is a
barrelled space if and only if X is discrete (see [10] or [6], for a more general assertion), it easily
follows that L(X) is a reflexive locally convex space if and only if X is discrete. As we mentioned
above there are non-reflexive locally convex spaces which are reflexive groups. Therefore it is
natural to ask: For which Tychonoff spaces X, the free locally convex space L(X) is a reflexive
group? Below we obtain a partial answer to this question.
Theorem 1.1. Let X be a Dieudonne´ complete space. Then L(X) is a reflexive group if and only
if X is discrete.
Let X be a Tychonoff space. We proved in [4] that L(X) is a k-space if and only if X is a
countable discrete space (in this case L(X) is a sequential non-Fre´chet–Urysohn space). This result
motivates the following question posed in [9]: Is it true that L(X) is an Ascoli space only if X
is a countable discrete space? Banakh obtained in [1, Theorem 10.11.9] a partial answer to this
question by showing that if X is a Dieudonne´ complete space such that L(X) is an Ascoli space,
then X is countable and discrete. Let G be an abelian topological group. It is well known (and
easy to check) that αG is continuous if and only if every compact subset of the dual group G
∧ is
equicontinuous. Therefore, if αG is not continuous, then G is not an Ascoli space by Proposition
2.2 below. Essentially using this simple remark and the proof of Theorem 1.1, in Proposition 2.10
we give an independent, short and clear proof of Banakh’s result. Also the condition of being a
Dieudonne´ complete space can be easily removed and, therefore, we obtain an affirmative answer
to the above question.
Theorem 1.2. For a Tychonoff space X, the space L(X) is Ascoli if and only if X is a countable
discrete space.
2. Proofs
We start from some necessary definitions and notations. Set N := {1, 2, . . . }. The closure of a
subset A of a Tychonoff space X is denoted by A or cl(A). The Dieudonne´ completion µX of X is
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the completion of the uniform space (X,UX). The support of a function f ∈ C(X) is denoted by
supp(f). Recall that the sets
[K; ε] := {f ∈ C(X) : |f(x)| < ε ∀x ∈ K},
where K is a compact subset of X and ε > 0, form a base at zero of the compact-open topology τk
of Ck(X).
Let E be a locally convex space. We denote by E′ the dual space of E. The polar of a subset
A of E is denoted by A◦ := {χ ∈ E′ : |χ(x)| ≤ 1∀x ∈ A}.
Remark 2.1. Following [2], a Tychonoff (Hausdorff) space X is called an Ascoli space if each
compact subset K of Ck(X) is evenly continuous. In other words, X is Ascoli if and only if the
compact-open topology of Ck(X) is Ascoli in the sense of [15, p.45]. It is noticed in [5] that this
definition coincides with the definition of Ascoli spaces from [11] given in Introduction. 
Noble showed in [17] that αG is continuous if the group G is a k-space. Below we generalize this
result.
Proposition 2.2. If an abelian topological group G is an Ascoli space, then the canonical homo-
morphism αG is continuous.
Proof. We have to show that every compact subset K of G∧ is equicontinuous. Since G∧ is a
subgroup of the group Ck(G,S) of all continuous functions from G to S endowed with the compact-
open topology, we obtain that K is a compact subset of Ck(G,S). Therefore K is evenly continuous
by Corollary 5.3 of [2]. To show that K is equicontinuous, fix ε > 0. For every χ ∈ K, choose a
neighborhood Uχ of χ ∈ K and a neighborhood Oχ of zero in G such that |η(g) − 1| < ε for all
g ∈ Oχ and η ∈ Uχ. Since K is compact, we can find χ1, . . . , χn ∈ K such that
⋃n
i=1 Uχi = K. Set
O :=
⋂n
i=1Oχi . Then |η(g) − 1| < ε for all g ∈ O and η ∈ K. Thus K is equicontinuous. 
Denote by Mc(X) the space of all real regular Borel measures on X with compact support. It is
well known that the dual space of Ck(X) isMc(X), see [12, Proposition 7.6.4]. For every x ∈ X, we
denote by δx ∈Mc(X) the evaluation map (Dirac measure), i.e. δx(f) := f(x) for every f ∈ C(X).
The total variation norm of a measure µ ∈ Mc(X) is denoted by ‖µ‖. Denote by τe the polar
topology onMc(X) defined by the family of all equicontinuous pointwise bounded subsets of C(X).
We shall use the following deep result of Uspenski˘ı [20].
Theorem 2.3 ([20]). Let X be a Tychonoff space and let µX be the Dieudonne´ completion of X.
Then the completion L(X) of L(X) is topologically isomorphic to
(
Mc(µX), τe
)
.
In what follows we shall also identify elements x ∈ X with the corresponding Dirac measure
δx ∈Mc(X). We need the following corollary of Theorem 2.3 noticed in [6].
Corollary 2.4 ([6]). Let X be a Dieudonne´ complete space. Then (Mc(X), τe)
′ = Ck(X).
We shall use the following fact, see Lemmas 5.10.2 and 5.10.3 and Theorem 5.10.4 of [16] (this
fact is also proved in the “if” part of the Ascoli theorem [3, Theorem 3.4.20]).
Proposition 2.5. Let X be a Tychonoff space and A be an equicontinuous pointwise bounded subset
of C(X). Then the τp-closure A¯ of A is τk-compact and equicontinuous.
The following proposition is used to prove Theorem 1.1.
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Proposition 2.6 ([7]). Let X be a Dieudonne´ complete space and let K be a τe-closed subset of
Mc(X). Then K is τe-compact if and only if there is a compact subset C of X and ε > 0 such that
K ⊆ [C; ε]◦.
We need also the next simple assertion.
Lemma 2.7. Let X be a Tychonoff space containing an infinite compact subset K. Let S = {ηn :
n ∈ N} be a one-to-one sequence in K and let η0 be a cluster point of S such that η0 6∈ S. Then
for each sequence {λk : k ∈ N} of positive numbers such that
∑
∞
k=1 λk = 1, the sequence
χn :=
n∑
k=1
λkηk ∈ L(X), n ∈ N,
converges to χ0 :=
∑
∞
k=1 λkηk in (Mc(X), τe).
Proof. Let Q be a pointwise bounded and equicontinuous subset of C(X). Then Q|K := {f |K :
f ∈ Q} is a pointwise bounded and equicontinuous subset of C(K). Proposition 2.5 implies that
the pointwise closure of Q|K is a compact subset of the Banach space C(K). Thus Q|K is uniformly
bounded, i.e., there is a B > 0 such that
|f(x)| ≤ B, ∀x ∈ K, ∀f ∈ Q.
Choose an n0 ∈ N such that B ·
∑
k>n0
λk < 1. Then
|(χ0 − χn)(f)| ≤
∑
k>n
λk|f(ηk)| ≤
∑
k>n
λkB < 1, ∀f ∈ Q,
and hence χn ∈ χ0 +Q
◦ for every n > n0. Thus χn → χ0 in (Mc(X), τe) as desired. 
Recall that a locally convex space E is a semireflexive group if the canonical homomorphism αE
is bijective (but not necessarily continuous).
Proposition 2.8. If a Tychonoff space X contains an infinite compact subset K, then L(X) is not
a semireflexive group.
Proof. Suppose for a contradiction that L(X) is a semireflexive group. Then the closed convex hull
C := conv(K) of K is a weakly compact subset of L(X) by Theorem 2.1 of [11], and therefore, C is a
compact subset of L(X) by Theorem 1.2 of [7]. In particular, the sequence {χn : n ∈ N}, constructed
in Lemma 2.7, has compact closure in L(X). But since χn → χ0 in (Mc(µX), τe) = L(X) by Lemma
2.7 and χ0 6∈ L(X), we obtain a contradiction. 
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Assume that L(X) is a reflexive group. We have to prove that X is
discrete. By Proposition 2.8, we shall assume that all compact subsets of X are finite.
Suppose for a contradiction that the space X is not discrete. Proposition 2.4 of [6] states that
there exist an infinite cardinal κ, a point z ∈ X, a family {gi}i∈κ of continuous functions from X
to [0, 2] and a family {Ui}i∈κ of open subsets of X such that
(α) supp(gi) ⊆ Ui for every i ∈ κ;
(β) Ui ∩ Uj = ∅ for all distinct i, j ∈ κ;
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(γ) z 6∈ Ui for every i ∈ κ and z ∈ cl
(⋃
i∈κ{x ∈ X : gi(x) ≥ 1}
)
.
Set E := L(X) = (Mc(X), τe). By Corollary 2.4, we have E
′ = (Mc(X), τe)
′ = C(X). So we
can consider the family {gi}i∈κ as a subset of the dual space E
′ = C(X) of E. Let τk be the
compact-open topology on E′. Denote by 0 the zero function on X.
Claim 1. The set K := {gi}i∈κ ∪ {0} is a compact subset of (E
′, τk).
Indeed, fix arbitrarily a compact subset Z of E and δ > 0. We have to show that all but finitely
many of functions gis belong to the neighborhood [Z; δ] of 0 in (E
′, τk). By Proposition 2.6, we
can assume that Z = [C; ε]◦, where C is a compact subset of X and ε > 0. Therefore
Z = [C; ε]◦ =
{
µ ∈Mc(X) : |µ(f)| ≤ 1 for every f ∈ [C; ε]
}
=
{
µ ∈Mc(X) : supp(µ) ⊆ C and ‖µ‖ ≤ 1/ε
}
.
Since the compact set C is finite, (α) and (β) imply that gi|C = 0 and hence gi ∈ [Z; δ] for all but
finitely many indices i ∈ κ. Thus K is compact and Claim 1 is proved.
Claim 2. The compact set K is not equicontinuous.
Indeed, fix arbitrarily a τe-neighborhood
W = [K; ε] =
{
µ ∈Mc(X) : |µ(f)| < ε for every f ∈ K
}
of zero in Mc(X), where K is a pointwise bounded and equicontinuous subset of C(X) and ε > 0.
Choose a neighborhood V of the point z in X such that
|f(x)− f(z)| < ε/2, for every x ∈ V and each f ∈ K.
Then |(δx − δz)(f)| < ε/2 for every x ∈ V and each f ∈ K. Therefore δx − δz ∈W for every x ∈ V .
By (γ), there are i ∈ κ and xi ∈ Ui such that xi ∈ V and gi(xi) ≥ 1. Hence (note that gi(z) = 0
for every i ∈ κ since z 6∈ Ui)
|(δxi − δz)(gi)| = gi(xi)− gi(z) = gi(xi) ≥ 1.
Thus K is not equicontinuous and Claim 2 is proved.
Now Claims 1 and 2 imply that (E′, τk) contains a compact subsetK which is not equicontinuous.
Thus αL(X) is not continuous by Proposition 2.3 of [11]. Thus L(X) is not a reflexive group. This
contradiction shows that X must be discrete as desired.
Conversely, if X is discrete, then L(X) is complete and barrelled by Theorem 2.3 and Theorem
6.4 of [10], respectively. Therefore, L(X) is a reflexive group by Corollary 2.5 of [11]. 
We shall use the following proposition to show that a space is not Ascoli.
Proposition 2.9 ([9]). Assume that a Tychonoff space X admits a family U = {Ui : i ∈ I} of
open subsets of X, a subset A = {ai : i ∈ I} ⊆ X and a point z ∈ X such that
(i) ai ∈ Ui for every i ∈ I;
(ii)
∣∣{i ∈ I : C ∩ Ui 6= ∅}∣∣ <∞ for each compact subset C of X;
(iii) z is a cluster point of A.
Then X is not an Ascoli space.
The next proposition is proved by T. Banakh in [1, Theorem 10.11.9], below we provide an
independent and much simpler and clearer proof of this assertion.
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Proposition 2.10 ([1]). Let X be a Dieudonne´ complete space. If L(X) is an Ascoli space, then
X is a countable discrete space.
Proof. We prove the proposition in three steps.
Step A. The space X does not contain infinite compact subsets.
Suppose for a contradiction that X contains an infinite compact subset K. Consider two se-
quences {ηn : n ≥ 0} ⊆ K and {χn : n ∈ N} ⊆ L(X) constructed in Lemma 2.7. For every
n,m ∈ N, set
an,m :=
1
m+ 1
χn +m(ηn − η0),
and put A := {an,m : n,m ∈ N} and z := 0.
Claim A.1. 0 ∈ A \ A.
For every n ∈ N, take a continuous function fn : X → [0, 1] such that
ηn(fn) = fn(ηn) = 1 and η0(fn) = fn(η0) = 0. (2.1)
Then, for every n ∈ N, we have
|χn(fn)| ≤
n∑
k=1
λk · ηk(fn) ≤
n∑
k=1
λk · fn(ηk) ≤
n∑
k=1
λk < 1. (2.2)
Now (2.1) and (2.2) imply
|an,m(fn)| =
∣∣∣∣ 1m+ 1χn(fn) +m · ηn(fn)
∣∣∣∣ ≥ m− 1m+ 1 > 0,
and hence 0 6∈ A. To show that 0 ∈ A take arbitrary a neighborhood W of 0 in (Mc(X), τe) and
choose an absolutely convex neighborhood U of 0 in (Mc(X), τe) such that 3U ⊆ W . By Lemma
2.7, choose an N ∈ N such that χn ∈ χ0 + U for every n ≥ N , and choose an m0 ∈ N such that
1
m0+1
χ0 ∈ U . Now, since η0 is a cluster point of the sequence {ηn : n ∈ N}, for the chosen N and
m0, take an n0 > N such that m0(ηn0 − η0) ∈ U . Noting that
1
m0+1
U ⊆ U we obtain
an0,m0 =
1
m0 + 1
(
χn0 − χ0
)
+
1
m0 + 1
χ0 +m0(ηn0 − η0) ∈ U + U + U ⊆W.
Thus 0 ∈ A and the claim is proved. 
To show that L(X) is not Ascoli we shall use Proposition 2.9. To this end, we have to find also
a sequence U = {Un : n ∈ N} of open subsets of L(X) such that (i) and (ii) of Proposition 2.9 are
satisfied. Below we construct such a family U .
Let p : X → βX be a natural embedding of X into the Stone–Cˇech compactification βX of X.
Then p extends uniquely to a continuous linear injective operator from L(X) to L(βX) which is
also denoted by p. For every n ∈ N, denote by Fn : βX → [0, 1] the unique extension of fn onto
βX. Then, by (2.1) and (2.2), we have
|p(χn)(Fn)| =
∣∣∣∣∣
n∑
k=1
λk · Fn
(
p(ηk)
)∣∣∣∣∣ =
∣∣∣∣∣
n∑
k=1
λk · fn(ηk)
∣∣∣∣∣ < 1, (2.3)
|p(ηn)(Fn)| = |Fn
(
p(ηn)
)
| = |ηn(fn)| = 1, (2.4)
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and
p(η0)(Fn) = Fn
(
p(η0)
)
= η0(fn) = 0 for every n ∈ N. (2.5)
Set E := C(βX) and H := L(βX). Lemma 2.7 implies that p(χn) → p(χ0) ∈ Mc(βX) \ H.
Hence, for every m ∈ N, the sequence Sm =
{
1
m+1p(χn) : n ∈ N
}
is closed and discrete in H.
Note that H is a Lindelo¨f space by Proposition 5.2 of [10]. Therefore Sm is C-embedded in H,
i.e. every real-valued function on Sm can be extended to a continuous function on the whole H.
Take a continuous function Gm : H → R such that Gm
(
1
m+1p(χn)
)
= n for every n ∈ N. For every
n,m ∈ N, set
V˜ βn,m := G
−1
m
(
(n− 0.1, n + 0.1)
)
−
1
m+ 1
p(χn).
Then, for every m ∈ N, the family
Vβm :=
{
1
m+ 1
p(χn) + V˜
β
n,m : n ∈ N
}
of open subsets of H is discrete in H (i.e., every h ∈ H has a neighborhood Uh which intersects
with at most one element of the family Vβm).
For every n,m ∈ N, set
W βn,m := {h ∈ H : |h(xn)| < 1} and V
β
n,m := V˜
β
n,m ∩W
β
n,m, (2.6)
and put
Uβn,m := p
(
an,m
)
+ V βn,m.
Claim A.2.
∣∣{(n,m) ∈ N× N : K ∩ Uβn,m 6= ∅}∣∣ <∞ for every compact subset K of H.
Indeed, letK be a compact subset ofH. ThenK is compact and hence bounded in
(
Mc(βX), τe
)
.
Since
(
Mc(βX), τe
)
′
= E by Corollary 2.4, we obtain that K is weak-∗ bounded in E′. As E is a
Banach space, K is equicontinuous and hence there is an open neighborhood O of zero in E such
that K ⊆ O◦.
Set Z := {Fn : n ∈ N} ⊆ E. It is clear that Z is a bounded subset of E, so we can find a C > 0
such that Z ⊆ C · O. Then
O◦ ⊆ C · Z◦ = {χ ∈Mc(βX) : |χ(Fn)| ≤ C for all n ∈ N}. (2.7)
Now, if χ = p
(
an,m
)
+ h ∈ Uβn,m with h ∈ V
β
n,m, (2.3)-(2.6) imply
|χ(Fn)| ≥
∣∣p(an,m)(Fn)∣∣− |h(Fn)|
≥ m|p(ηn)(Fn)| −
1
m+ 1
|p(χn)(Fn)| − |h(Fn)| > m− 2.
Therefore, by (2.7), if m > C + 2 then K ∩ Uβn,m ⊆ O◦ ∩ U
β
n,m = ∅. For a fixed natural number
m ≤ C + 2, K ∩Uβn,m is nonempty only for a finite number of n because the family V
β
m is discrete.
The claim is proved. 
Set U := {p−1(Uβn,m) : n,m ∈ N}. Then Claims A.1 and A.2 imply that the families A, U and
z = 0 ∈ L(X) satisfy (i)-(iii) of Proposition 2.9 as well. Thus L(X) is not an Ascoli space. This
contradiction finishes the proof of Step A. Thus we assume in the next step that X does not contain
infinite compact subsets and hence L(X) = (Mc(X), τe) by Theorem 2.3.
Step B. The space X is discrete.
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Suppose for a contradiction that X is not discrete. Then Claims 1 and 2 in the proof of Theorem
1.1 imply that the space Ck
(
L(X)
)
contains a non-equicontinuous compact subset. Thus the space
L(X) is not Ascoli. This contradiction shows that X must be discrete.
Step C. By Step B, the space X is discrete. Therefore X is countable by Theorem 3.2 of [5]
which states that L(X) is not an Ascoli space for every uncountable discrete space X. 
Below we prove Theorem 1.2.
Proof of Theorem 1.2. If X is countable and discrete, then L(X) is sequential (see [4]) and hence
an Ascoli space.
Conversely, assume that L(X) is an Ascoli space. Lemma 2.7 of [8] states that if H is a dense
subgroup of a topological group G and has the Ascoli property, then also G is an Ascoli space.
Since L(X) is a dense subspace of L(µX) by Theorem 2.3, the last fact implies that L(µX) is also
an Ascoli space. Now Proposition 2.10 implies that µX is a countable discrete space. Thus also X
is countable and discrete. 
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